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Abstract. A subset A of an abelian group G is a [g] set on G if every element of G can 
be written at most g ways as sum of h elements in A. In this work we present construc- 
E"^ ■ tions of Bh[g] sets on the abelian groups (F h , +) , (Z d , +) , and (Z mi x • • • x Z m<J , +), for 

d > 2, h > 2, and g > 1, with F any field. 
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1. Introduction 



Let g and h be positive integers with h > 2, and let G be an abelian additive group 



denoted by (G7, +). If A = {a%, . . . , a^} C G, we say is a Bh[g] on G, and it is denoted 



by Bh[g]/G, if every element of G can be written at most g ways as sum of h elements in 
A, that is, if given x € G, the amount of solutions of the equation x = at + • • • + is at 
most g up to rearrangement of summands, where ai, . . . ,a,h £ A. If # = 1, .4 is called a 
-B/j set, and when g = 1 and ft, = 2 it is called a Sidon set. 
<-h . Let Fh(G,g) denote the largest cardinality of a Bh[g] on G, i.e., 

:= max{|^l| : A € B h [g]/G}, 

where \X\ denotes the cardinality of a finite set X. If g = 1 we write Fh(G) instead of 
Fh(G, 1). Furthermore, if G7 can be written as the direct product of d > 2 abelian groups 
and A is a Bh[g] set on G, sometimes we say that A is a d— dimensional Bh[g] set on G. 
Let N G N and define [0, JV - 1] := {0, 1, . . . , JV - 1}. If G = (Z d , +) we define 

F$(N,g) := max{|^[ :AQ[0,N- l] d , A G B h [g]}, 

where Z rf denotes the set of all d— tuples of integers numbers, and [0, N — l] d denotes the 
cartesian product of [0, N — 1] with itself d times. 

The main problem in the study of B\ t [g] sets consists of establishing the largest cardi- 
nality of a Bh[g] set on a finite group G. Using constructions we can find lower bounds for 
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Fh(G,g), while with counting and combinatorial techniques we can state upper bounds. 
In this work we focus in constructions from which we obtain some known lower bounds 
for Fh(G,g) on particular groups G, while other works as [1], [2], [3], are focused in state 
upper bounds. 

Different works have introduced constructions of Bh[g] sets for particular values of h, 
and g. On (Z, +), the most obvious construction of Sidon sets is given by Mian-Chowla 
using the greedy algorithm [3]. This result is generalized for any h > 2 and any g > 1 in 
®. 

Other constructions of Bh sets are due to Rusza, Bose, Singer, and Erdos & Turan. 
Rusza constructs a Sidon set on the group (Z/ (p 2 —£>),+) for p prime. Bose's construction 
initially consider h = 2 but is generalized to any h > 2 on the group fZ where 
g is a prime power. Similarly to Bose, Singer constructs a I?/,, set with q + 1 elements on 
^Z( ? h+i_i)/( g _i), +^ • Actually this construction can be established using a -B/s+i set ob- 
tained from Bose's construction [6]. Finally, Erdos & Turan construct Sidon sets on (Z, +) 
based on quadratic residues modulo a fixed prime p. For details of these constructions see 

In dimension d = 2 some constructions are due to Welch, Lempel, Golomb [7J, Tru- 
jillo |8j, and C. Gomez & Trujillo [6]. Welch constructs Sidon sets with p — 1 elements 
on the groups (Z p _i x Z p ,+), (Z p x Z p _i,+), which is generalized in [U] to the groups 
(Z 9 _i x F gj +) and (¥ q x Z g _i, +), respectively, being ¥ q the finite field with q elements. 
Golomb's construction gives Sidon sets with q — 2 elements on the group (Z g _i x Z 9 _i, +), 
while Lempel's construction is a particular case of Golomb. In [8] Trujillo presents an al- 
gorithm that allows us to obtain Sidon sets on (Z x Z, +) from a given Sidon set on (Z, +). 
Finally, C. Gomez & Trujillo construct B^ sets on (Z p x Z„h-i_ 1 ,+). 

In higher dimensions, Cilleruelo presents how to map Sidon sets in N to Sidon sets in 
N d for d > 2, and furthermore he obtains a relation between the functions Fh(N d ) and 

The main object of this work is to present constructions of c£— dimensional sets 
for d > 2 on special abelian groups. First construction uses the elementary symmet- 
ric polynomials and the Newton's identities to generalize one construction done initially 
for d = 2 (original construction can be found in [TO]). In the second construction we 
generalize Trujillos's algorithm given in [5] to any dimension d and all h > 2, g > 1, 
obtaining lower bounds for F d (N,g) from a known lower bounds for Ff l (N d ,g). Finally, 
using homomorphism between abelian groups, we construct d— dimensional Bh[g'] sets 
from d— dimensional Bh[g] sets, with g a divisor of g' . 
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The remainder of this work is organized as follows: Section [2] describes a construction of 
Bh sets on (¥ h , +) , where F is any field and ¥ h denotes the set of all h— tuples of elements 
of F. Section [3] presents a construction of Bh[g] sets on (Z d ,+), and in Section |3] we 
construct B^g] sets on (Z mi x • • • x Z md , +) and show a generalization of Golomb Costas 
array construction. Finally, Section 4 describes the concluding remarks of this work. 

2. Construction of B h sets on (F h ,+) 

Let p be a prime number. It is easy to prove that A := {(x,x 2 ) : x € Z p } is a B2 
set on (Z p x Z p , +) |10| . In this section we generalize this construction for any dimension 
d > 2 and any number of summands h > 2. First we introduce the following notations 
and definitions. 

Let n be a positive integer. The elementary symmetric polynomials in the n variables 
x%, . . . , x n , written by a^xi, . . . , x n ) for k = 1, . . . , n, is defined as 

Cfc^l) . . . , x n ) := ^ ^ 3Jji • • • Xj n . 

1<3X<— <3fc<n 

If = we consider cro(a?i, . . . , x n ) = 1. For instance, if n = 3 

cro(aJi,aj 2 ,a;3) = 1, 
cri(xi,x 2 ,x 3 ) = X X +x 2 + x 3 , 

(T2(2;i, X 2 , 2C3) = ^1^2 + + X 2 X 3 , 

0-3(2:1, 2:2,2:3) = 2:1X2X3. 

Note that the elementary symmetric polynomials appear in the expansion of a linear 
factorization of a monic polynomial as follows 

n n 

- x 3 ) = £(-1) k a k ( Xl , x n )X n - k . 

j=l k=0 

Now, if pk(x\, . . . , x n ) = x\ + • • • + x^, the Newton's identities are given by 

k 

(1) ka k (xt, . . . ,x n ) = ^(-l) 4_1 o- fc _ i (xi, . . .,x n )pi(xi, . . . ,x n ), 

i=l 

for each 1 < k < n and for an arbitrary number n of variables. With notations and 
definitions above we can state the following theorem. 

Theorem 1. Let ¥ be a field with characteristic zero or p > h. The set 

A:= {(x,x 2 ,...,x h ) :xGF}, 

is a B h set on (F h ,+). 
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Proof. Let s E ¥ h . Suppose there exist two different representations of s as sum of h 
elements of A as follows 

s = (a 1 ,...,a f t) + --- + ( y a h ,...,a h h ) = (h, . . . , b\) + • • • + (b h , . . . , &£), 

where a^bi G F for i = l,...,h. Note that for all k = 1, . . . , h, Yli=i a i = Y^h=i &i ■ 
Because Pfc(ai, . . . , ah) = Ya=i a i an d Pk{bi, ■ ■ ■ ,b h ) = Yh=i tf, from {]]) recursively we 
have <Tj(ai, ... ,a h ) = ai(bi, . . . , b n ), for alH = 1, . . . , h, i.e., 

0.1 H \-a h = b 1 -\ h b h , 

a\a 2 H h a h -ia h = b\b 2 H h b h -xb h , 



a\ . . . a h = b\ . . . b h , 

implying that the elements of the sets {a%, . . . , a^} and . . . , bh} are roots of the same 
polynomial q(x) on ¥[x], i.e., 

g(x) = (x - ai) ■ ■ ■ (x - a h ) = (x - b\) ■ ■ ■ (x - b h ). 

Because ¥[x] is a unique factorization domain we have {a±, . . . , a^} = {b\, . . . , b^}, what 
implies that cannot be possible to have two different representations of s G F as sum of h 
elements of ¥ h . That is, A is a B h set on (¥ h , +). □ 

Now we consider the case when F is the finite field ¥ q , with q = p n for some n € N and 
p prime. Note that the groups (F p n, +) and (F™, +) are isomorphic, because if 6 is a root 
of an irreducible polynomial on ¥ p n in an extension field, the function 

(2) 0= F pn -»• F- 

a H h a n -i^ _1 (a ,...,a n _i) 

defines an isomorphism between them. Using this function we can state the following 
result. 

Corollary 1. For all p > h prime and for all n G N there exists a Bh set with p n elements 
on 

Proof. It follows immediately from the isomorphism </> between (F p n, +) and (F^, +) given 
in ([2]) and from Theorem [TJ □ 



To illustrate these results consider the following example. 
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Example 1. Consider h = n = 2 and p = 3. Let p(x) = x 2 + 1 be an irreducible 
polynomial on Z3. Suppose that 6 is a root of p(x) in an extension field 0/Z3. T/ie ^eU 
with 9 elements is given by 

F 9 = {a + W : a,b G Z 3 } 

= {0, 1, 2, 0, + 1, + 2, 20, 20 + 1, 20 + 2}. 

From Theorem [7] we Ziawe i/iai 



.4 



(0, 0), (1, 1), (2, 1), (0, 20 + 1), (0 + 1,0 + 2), 

(0 + 2, 2), (20, 20 + 1), (20 + 1, 2), (20 + 2, + 2) 



is a 



Sidon set on (F3 x F3,+) = (F|,+). Furthermore, by CorollaryUl 
B = 

{ (1,2,0,2), (2,0,2,1), (2,1 
is a Sidon set on (Z3 x Z3 x Z3 x Z 3 , +) = (Z3, + 



(0,0, 0,0), (0,1,0,1), (0,2, 0,1), (1,0, 2,1), (1,1, 1,2), 
(1,2,0,2), (2,0,2,1), (2,1,0,2), (2,2,1,2) 



3. Construction of B h [g] sets on (Z d ,+) 

In this section we construct Bh[g] sets for all h,g>2on (Z d ,+). This construction 
generalizes an algorithm introduced by Trujillo in [8] which allowed us to construct Sidon 
sets on (Z x Z,+) from a Sidon set on (Z,+). Our generalization allow us to construct 
d— dimensional Bh[g] sets for all h,g>2 and any dimension d, and show us a way to map 
Bh[g] sets on (Z, +) into Bh[g] sets on (Z d ,+). 

Let d, N be positive integers greater than 1, and A a subset of Z + . If a € A we write 

Hiv = (njt, . . . ,ni,n )jv 

to represent the number a = rikN k + • • • + niiV + no in base iV notation, where k is a 
nonnegative integer and < rij < N — 1, for j = 0, 1, . . . , k. We denote the set obtained 
from the representation of each element of A in base N as [A]n- Because every positive 
integer can be written uniquely in base N, then 



(3) \A\ = \[A) 



N 



Note that if A C [0, N d - l] , then [A] N C[0,N- l] d . 
With these notations we can state the following result. 



Theorem 2. If A is a Bh[g] set contained in [0, N d — 1], then [A]n is a Bh[g] set contained 
m[0,iV-l] d . Furthermore, \[A]n\ = 
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Proof. In (|3j) we established that |[/4]jv| = I A 1. Now we prove that [A]n is a Bh\g] set on 
[0,N- l] d . 

Let s be a d— tuple in Z, d obtained as sum of h elements in [A]n- Furthermore, suppose 
there exist g + 1 representations of s as follows 

(4) s = [ai,i]jv H + [ai.jjjv = ■ ■ ■ = [a s+ i,i]jv H h [a g+ i^]jv, 

where ctjj € „4 for all 1 < i < g+1, 1 < j <h. Consider the representation of each a,ij € A 
in base N notation as [oj,j]jv = [ n (d-l,i,j)i ■ ■ ■ > n (o,i,j))- Note that for any 1 < i < g + 1 

[(H,l]N H H [0i,h]jV = ' ' ' > n (0,j,l)) 1~ ( n (d-l,i,/i)> • • • ' n {0,i,h)) 

= { n (d-l,i,l) H H "(d-l.i.fc), • • • ) n (0,i,l) 1" n (0,i,h)) ■ 

Furthermore 

H 1- A^" 1 H H («(o,i,i) H 1- n (o,i,/i)) = a i,i H ^ 

what implies from §3$) that 

(5) ai,i H h ai )ft = • • • = a 9 +i,i H h a fl+1)ft . 

Because *4 is a -B/Jg] set, from ([5]) there exist m with £ ^ m and 1 < £, m < g + 1, such 
that 

{ a l,i, ■ ■ ■ , 0,£,h} = { a m,i, ■ ■ ■ , a m ,h}- 
Since representation in base N notation is unique, then 

{K,i]at, . . . , [a,£ t h]N} = {[a m ,i]N, ■■■ , [a m ,h]N}, 

which implies that cannot be possible to have g + 1 representations of s as sum of h 
elements of A. Therefore [A] n is a B h [g) set contained in [0, N - l] d C (Z d , +) . □ 

As an illustration of Theorem [2] consider the following example. 

Example 2. Note that A = {1,2,7} is a Sidon set on (Zg,+). In [8] Trujillo constructs 
a .E?2[2] set on (Z, +) as follows 

B := Au(A + m)U(A + 3m) = {1, 2, 7, 9, 10, 15, 25, 26, 31}, 

where m = 8. Because B C [0, 2 5 — 1], 
/rom Theorem [H toe Ziaue i/iai 

= f (0, 0, 0, 0, 1), (0, 0, 0, 1, 0), (0, 0, 1, 1, 1), (0, 1, 0, 0, 1), (0, 1,0, 1,0), 1 
\ (0,1,1, 1,1), (1,1, 0,0,1), (1,1, 0,1,0), (1,1, 1,1,1) J 

is a B2[2] set contained in [0, l] 5 . 
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Note also that B C [0, 6 2 — 1], so the set 

[B] 6 = {(0, 1), (0, 2), (1, 1), (1, 3), (1, 4), (2, 3), (4, 1), (4, 2), (5, 1)} 
is a -E>2[2] set contained in [0, 5] 2 . 

4. Construction of B h [g] sets on (Z mi x • • • x Z md ,+) 

In this section we present a generalization of construction performed by Trujillo et. al. 
in where the authors construct in dimension d = 1, B2[g] sets from special Sidon 
sets. We extend such construction for all d > 1, and all h > 2. In order to introduce last 
construction we need the following auxiliary lemma. 

Lemma 1. Let <p : G — > G' be a homomorphism between abelian groups G and G' . If 
\Ker((j>)\ = g' and A is a Bh[g] set on G, then 4>(A) is a Bh[gg'] set on (j)(G), where gg' 
denotes the product between g and g' . 

The proof of this result can be found in detail in [T2] . Now, let mi , ... , md and g\ , . . . , g^ 
be positive integers. With Lemma [1] we can prove the following theorem. 

Theorem 3. Let B a Bh[g] set on (Z mi x ••• x Z md ,+). If gi, . . . , gd are divisors of 
mi, . . . , ma, respectively, then 

A := < ( h mod — , . . . ,b d mod — ) : (&i, . . . , b d ) G B 

is a Bh[gg\ ■ ■ ■ gd] set on I Z^n x • • • x Zm d , + ) . 

V 91 9 <i J 

Proof. In Lemma [U let G = (Z mi x • • • x Z m<i , +) and G' = ( Z^j_ x • • • x Z^d , + ] be two 

V 91 3d J 

abelian groups and define : B C G — > G' as 0(&i, . . . , b^) = (bi mod . . . , b^ mod , 
with (6i, . . . , bd) £ i3. Note that is a homomorphism between G and G' . Furthermore, 
(fei, . . . , 6 n ) G Ker{4>) if and only if 0(&i, . . . , 6 ra ) = (0, . . . , 0), that is, if 

b\ mod — -, . . . ,bd mod — - ) = (0, . . . , 0). 

gi gd J 

Note that b{ mod ^ = if and only if 6j = ^i^p, for fe, € [1, gi\ and for all i = 1, . . . , d. It 
implies that bi mod = in exactly ^ values. Thus, |i^er(0)| = nf=i an d a s a result 

from Lemma [1] we have that A is a Bh[ggi ■ ■ ■ gd] set on I Z^n x • • • x Z^, + I . □ 

V 91 3 d J 

To illustrate this result, for q prime power, in the following proposition we construct 
Sidon sets on (Z 9 _i x Z ? _i,+). 
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Proposition 1. Let p be a prime and let n be a positive integer. If q = p n ; a,/3 are 
primitive elements ofF*, and a E F* ; then 

G(a, ft, a) := {(i, log^a - a 1 )) : i = 1, . . . , q - 1, a 1 ^ a} 

is a Sidon set on (Z g _i x Z 9 _i,+). 

Proof. Let a E F*. Suppose there exist u, v,w,y E £/(a, /3, a) such that u + v = w + y. By 
definition of C/(a,/3,a), there exist i,j,k,£ E [1,^ — 1] such that 

(6) (t, log ( a(a - a*)) + (j, log /3 (a - a j )) = (k, log^a - a fc )) + (A log /3 (a - a 1 )) 

where a* , a 3 \ a k , c/ are not equal to a. From ([6]) we have 

+j) = (k + £) mod (g - 1), 
log^a - a 1 ) + log^(a - oP) = (logp(a - a k ) + log^a - a 1 )) mod (<? - 1), 

what implies that (a — a 1 ) (a — oP) = (a — a k )(a — or). So in F* we have 



a l a j = a k a e , 
a 1 + a j = a k + a e 

what means that oc,a?\ and a fc ,c/ are roots of a polynomial q(x) E F[x] of degree 2, i.e., 

<?(x) = (x + a*)(x + a- 7 ') = (x + a fc )(x + a 1 ). 

Therefore, {a*, a'} = {a fc ,c/} and so {«, j} = {k,£}, implying that cannot be possible to 
have two representations of an element in Z g _i x as sum of two elements of Q(a, (3, a). 
That is, G(a, (3, a) is a Sidon set on (Zq_i x Z g _i, +). □ 

Example 3. First we apply Proposition^ to construct a Sidon set on (Zi6 x Ziq, +). Let 
q = p = 17, and let a = 3, /3 = 5 6e primitive elements ofZ* 7 . If a = 1, we /iaue i/tai 



0(3,5,1) 



(1, 14), (2, 10), (3, 2), (4, 1), (5, 4), (6, 13), (7, 15), (8, 6), 
(9, 12), (10, 7), (11, 11), (12, 5), (13, 3), (14, 8), (15, 9) 



is a Sidon set on (Zi6 x Zig,+). Now, if gi = g2 = 2, by Theorem^ 
A = 

is a I?2[4] se ^ on (^16 x ^16)+)- 



(1,6), (2, 2), (3, 2), (4, 1), (5, 4), (6, 5), (7, 7), (0, 6), 
(1,4), (2,7), (3,3), (4,5), (5,3), (6,0), (7,1) 
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5. Concluding remarks 

As a result of constructions presented in this work we can obtain lower bounds and 
closed formulas for F^(G,g), for some abelian group G and some values of d, h and g. 

Note from Theorem [1] and Corollary [TJthat ^(F^ - ) > q for q a prime power. Particularly 
if h = 2 and q = p prime we have F^i^p x Z p ) > p, but it is easy to establish that 
x Z p ) = p |S]. A natural question to state is the follow: Can we obtain a similar 
result, as the last one, on the group (Z p x Z p x Z p , +)? That is, 

F|(Z p x Z p x Zp) -p 3/2 ? 

Now, from Theorem [2] we can establish the following. Let d, g, and N be positive integers 
greater than or equal to 1 and be h > 2. Then 

F h (N d ,g)<F*(N,g) 

Particularly, if d = 2, /i = 2, and <? = 1 we have that F^N 2 ) < F| (iV), what implies that 
good constructions of Sidon sets on Z give us good lower bounds for Sidon sets on Z x Z. 
Furthermore, an interesting work consists in to analyze the behavior of the difference 
F| (iV) — F^iN 2 ) when grows. On the other hand, for h = 2, g = 1, and all d > 1 we 
get 

hm 2 = 1. 

N^-oo N d l 2 

This result is obtained also in [2]. 

Finally, from Proposition [1] we can establish that F% (Z g _i x Z g _i) > g — 2, what lead 
us to ask if is it possible to state that F 2 (Z g _i x Z 9 _i) = g — 1? 

Acknowledgment. The authors thank the Universidad del Cauca for the support under 
research project VRI 3744. 
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